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ABSTRACT 

We construct a gauge theory based on nonlinear Lie algebras, which is an ex- 
tension of the usual gauge theory based on Lie algebras. It is a new approach to 
generalization of the gauge theory. The two-dimensional gravity is derived from 
nonlinear Poincare algebra, which is the new Yang-Mills like formulation of the 
gravitational theory. As typical examples, we investigate i?^ gravity with dynami- 
cal torsion and generic form of 'dilaton' gravity. The supersymmetric extension of 
this theory is also discussed. 



1. Introduction 



The gauge theory is fundamental object in quantum field theory. In this paper, 
we consider a generalization of the usual gauge theory based on Lie algebra and 
its application. 

There are many studies to extend it by modifying symmetry structure, such 
as supersymmetry,'^' quantum groupj^' W algebra.'^' However in this paper, we con- 
sider quite new approach to extend the usual gauge theory. We construct a two- 
dimensional gauge theory based on nonlinear extension of Lie algebras as a gener- 
alization of the usual nonabelian gauge theory with internal gauge symmetry. We 
call it nonlinear gauge theory, which is a new generalization of nonabelian gauge 
theory. 

Nonlinear extension of Lie algebras which is called nonlinear Lie algebra has 
the following commutation relation: 

[Ta,Tb]^Wab{T), 

where WAsiT) denotes a polynomial in Tq. The details of definition are presented 
in section 2.2. Quadratic nonlinear Lie algebras in the context of quantum field 
theory were first introduced by K. Schoutens, A. Sevrin and P. van Nieuwenhuizen.'^' 
They mainly analyzed the W-gravity as an application of nonlinear Lie algebra 
to quantum field theory. Our nonlinear gauge theory is different realization of 
nonlinear Lie algebra in quantum field theory, and presents a new category of 
constrainted systems. 

The two-dimensional nonlinear gauge theory is closely related to two-dimensionall 
gravity. The investigation of diffeomorphism-invariant field theories is expected to 
provide indispensable information for the quest of quantum gravity. At the classical 
level, the Einstein theory — field theory of metric tensor with general covariance 
— is quite successful in describing gravitational phenomena. 
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The general covariance in gravitation theory is external gauge symmetry, which 
is spacetime symmetry. It may be called gauge symmetry of the Utiyama type!^' 
On the other hand, the internal symmetry such as in QED or QCD is called the 
one of the Yang-Mills type!'^' The connection to gauge symmetry of the Utiyama 
type with the Yang-Mills type has been investigated on various authors. Witten's 
three-dimensional Einstein gravity (Chern- Simons- Witten gravity) can be regarded 

ryl 

as one example for the above description. In two dimension, Jackiw-Teitelboim's 
model is a typical example that a gravitational theory and a gauge theory have 

rgi 

classically the same action. One of the reasons for investigating the connection 
between two types of symmetries is that symmetry of the Yang- Mills type is easier 
to treat in quantization problems than that of the Utiyama type. In this paper, we 
introduce new examples which have such properties and are related to nonlinear 
gauge theory. 

The particular feature of two-dimensional nonlinear gauge theory is that it in- 
cludes two-dimensional gravitation theory. When the nonlinear algebra is Lorentz- 
covariant extension of the Poincare algebra, the theory turns out to be the Yang- 
Mills-like formulation of i?^ gravity with dynamical torsion,'^"' or generic form of 

[12] 

'dilaton' gravity. The hidden symmetry of their gravitation theory is clarified. It 
yields new examples of the connection between the two types of gauge symmetries. 
Moreover a gauge theory of nonlinear Lie superalgebra is related to supergrav- 
ity. When nonlinear superalgebra is nonlinear and Lorentz-covariant extension of 

/ [13] 

super-Poincare algebra, the theory turn out to be dilaton supergravity. 

The remaining part of the paper is organized as follows: In chapter 2, our 
action for 'nonlinear' gauge theory is constructed in quite a general manner. We 
also consider nonlinear Lie algebras as a background structure for the 'nonlinear' 
gauge theory. The BRS formulation of nonlinear gauge theory is formulated. The 
chapter 3 provides Lorentz-covariant quadratic extension of the Poincare algebra 
and our nonlinear gauge theory based on it. It turn out that the resulting theory is 
the Yang-Mills-like formulation of i?^ gravity with dynamical torsion. In chapter 
4, the relevance of this 'nonlinear' gauge theory to the 'dilaton' gravity is clarified. 
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In chapter 5, our action for 'nonlinear' gauge theory is extended to the supergauge 
theory. The connection to the dilaton supergravity of 'nonhnear' supergauge theory 
is analyzed. Chapter 6 concludes the paper. 



2. 'Nonlinear' Gauge Theory 
In this chapter, we explain a generic approach to the construction of a 'nonlin- 

[121 

ear' gauge theory — gauge theory based on nonlinear extension of Lie algebras. 
2.1. 'Nonlinear' Gauge Transformation 

We introduce a 'coadjoint' scalar field in addition to a vector field for 
the purpose of constructing a 'nonlinear' gauge theory. Here A denotes an internal 
index. We consider the following extension of gauge transformation: 



where 6{c) is a gauge transformation with the gauge-transformation parameter c , 
and U^q{^) and Wab{^) ai'e smooth functions of the field to be determined 
below. In the case of usual nonabelian gauge theory, U^q = and Wba = 
fsA^Ci where denote structure constants in some Lie algebra. Since the 
above gauge transformation should reduce to the usual nonabelian one if U^q 
is constant and Wba is a linear function of we assume U^q — —Uq^ and 
Wba = -Wab- 

We investigate the commutator algebra of these gauge transformations with 
gauge-transformation parameters ci and C2. We require a closed algebra on the 
scalar field ^a 



First we consider the case that the gauge parameters ci and C2 are independent of 



8{c)^A = Wba^c^, 



(2.1) 



[5(C1),5(C2)]$^ = 5(C'3)$A, 



(2.2) 
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^A- In this case, the right-hand side of (2.2) becomes 

[S{ci),S{c2)]<^A=(^^^WBD + ^^WcDy?cl (2.3) 
In case of nonabehan gauge theory, since Wba — fsA^C, we can rewrite (2.3) as 

[5{C,),5{C2)]^A = ifSAfBD + fABfcD)^EC?C§, 

= fEcfEA'^Ecfc^, (2.4) 
- S{c's)^A, 

by using the Jacobi identity of Lie algebra: 

f[ABfc]D = 0' (2-5) 

where denotes antisymmetrization in the indices A, B, and C, and 

In order to extend the above construction to (2.3), we replace the structure constant 
fsA by and /f^$c7 by Wba in (2.4). Then (2.4) becomes (2.3), and (2.5) 

is generalized to 

dW]Af> 

^H'cli, = 0. (2^6) 
Owing to this generahzed Jacobi identity, (2.3) becomes 



(27) 



... dWBC B C 

This assumption results in the composite parameter 

jA _ dWBC BC .2 

and the gauge algebra becomes the required form (2.2) on ^a- In the next section, 
we show that the expression (2.6) can be derived as the Jacobi identity for a 
nonlinear Lie algebra with structure functions Wab- 
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Since the right-hand side of (2.8) involves we have to consider the case 
that the gauge parameters C4 and C5 are dependent on $^ in [^(04), 5(05)]$^. In 
this case, we have 



WdaWbc ( -^c9 



(9$ 



B 



9cf c 
"^5 



9$ 



^Wda 



OWbc b c 



Wbc 



B 



C 



d^B 



C5 



(2.9) 



by using (2.6), and if we set 



fA _ 9Wbc 

^6 



the gauge algebra satisfies 



[5(C4),5(C5)]$^ = 5(C'6)$^. 



(2.10) 



On the other hand, as the commutator of two transformations on the vector 
field we require 

[5(ci),5(c2)]/i;J = <5(c3)/i;J + ---, (2.11) 

where the ellipsis indicates a term which is irrelevant here. If we calculate the 
right-hand side of (2.11) exphcitly, it is obtained that 

A — ^ (jjA „BC\ 9^BC . 



, ( ttA ttD j_ tjA ttD , ^^^BCtta , '^^EB u/ \ h B^EC 
+ [^Dc'-'BE + ^DE^CB + -q^vVeD + "q^^CD 1 «m ^1 ^2 > 

(2.12) 

where we assume that c\ and C2 are independent of ^a- From the first term of 
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left-hand side of (2.12), the composite parameter C3 should be 



4 = U^ccfc^- (2.13) 



We require C3 = C3, that is, we henceforth put 

in order for the commutator algebra to represent a consistent composition law of 
Lagrangian symmetry. Then (2.12) becomes 



, f dWpcdWBE , dWpEdWcB , O^Wbc , d^WsB \uBec 



V "'"V ' "'"^ "'"^ d^Ad^B 

o'-w 



= S{c3)h^ - c^c^^^-^D^^B, 



(2.15) 



by using (2.6). 



In the case that C4 and C5 is dependent on the commutator of two trans- 
formations on hj/^ is calculated by using (2.6) as follows: 



where 



A _ dWBC BC ^ ( dc^ c _ dcf c 
which is the same as (2.10) and gives the consistent gauge algebra. 
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The resulting form of the gauge transformation is given by 



^ ' ^ ^ d^A ^ (2.16) 



in terms of the functions Wab which satisfy the condition (2.6). This gauge trans- 
formation reduces to the usual nonabelian one when Wba{^) = Iba^C- 

Then the gauge algebra is given by 

[6{CI),6{C2)]<^A = 5(C3)$^, 

where we have defined 

D^<^A = d^<^A + WAB^h^- (2.18) 
We see the gauge transform of (2.18): 

S{c){D,^a) = {D,^c)^^c^. (2.19) 

This reveals that the object may be recognized as a covariant differentiation, 
Dfj^^A transforming as a coadjoint vector. If the algebra is nondegenerate, it turns 
out that the gauge algebra is open as seen from (2.17) except for the case ^^Yd^B ~ 
0, that is, the case of nonabelian gauge transformation. 

The commutator of two covariant differentiations provides 

[D^,D,]^A^WAB{m?., (2.20) 
where the curvature is defined by 

< = d,h^ - d^K + (2.21) 
and the covariant differentiation on D^^a has been so determined as the resultant 



expression transforms like a coadjoint field, that is, 

Unfortunately, the curvature does not transform homogeneously because the gauge 
algebra (2.17) is open: 

which seems troublesome for the construction of invariant actions. 
2.2. Jacobi Identity for Nonlinear Lie Algebra 

This section is devoted to a brief explanation of an algebraic background for 
the 'nonlinear' gauge transformation defined in the previous section. The relevant 
object is the Jacobi identity for nonlinear Lie algebras.'"'"'^^' 

We consider a vector space with a basis {Ta} which is the polynomial algebra 
with a commutative product. On this algebra, we define a bracket product 

[Ta,Tb]^Wab{T), (2.23) 

as the second product structure, where Wab{T) denotes a polynomial in Tq which 
satisfies the antisymmetry property Was — —Wba' 

Wab{T) = W^^l + H^i'i^Tc + w'^I'^^'TcTd + ■■■, (2.24) 

where ^ab^ ^ stand for structure constants in this algebra. We assume 

the bracket product is bilinear and antisymmetric with respect to exchange A with 
B, satisfies the Jacobi identity and has the derivation nature 

[Ta, TbTc] = [Ta, Tb]Tc + Tb[Ta, Tc] 
[TaTb, Tc] = Ta[Tb, Tc] + [Ta, Tc]Tb. 

We emphasize that the multiplication of Tc and Tp is defined in the sense of 
the polynomial algebra (i.e. not as the matrix, for instance), thus TcTu — TjjTc- 
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Generally speaking, it is not necessary to restrict consideration to the case of 
polynomial algebra, which is commutative by definition. However, it is enough to 
treat the commutative case for the present purposes because we make use of the 
structure functions Wab only in the form Wab{^) where $ represents a set of 
scalar fields which do commute: ^c^d — ^D^C- 

We note that the zeroth-order term may be recognized as a central ele- 
ment in the algebra (2.23). This definition includes the ordinary Lie algebras as a 
special case when Wab{T) is linear in Ta, which makes the algebra (2.23) deserve 
the name of nonlinear Lie algebra. 

The typical examples of nonlinear algebra are W algebra'"' and quantum 
group!^^' * The representation theories of quadratic extension of nonlinear SU{2) al- 
gebra and some interesting nonlinear algebras are investigated by several authors 

The Jacobi identity with respect to the bracket product (2.23) implies 



dWiAB 



Wc]D = 0, (2.25) 



which is a generalization of the Jacobi identity for Lie algebras. 

The expression (2.17) can be regarded as a gauge algebra based on the non- 
linear Lie algebra (2.23) in the sense that the functions Wab{^) satisfy the same 
constraint identity (2.6) as the Jacobi identity (2.25) for Wab{T) in the algebra 
(2.23). However, generally the field ^a is not a representation of its algebra dif- 
ferent from the coadjoint field of Lie algebra. The relation of ^a with the algebra 
should be more investigated. 



★ Strictly speaking, it is needed to extend Wab {T) to analytic functions of Ta in the definition 
of nonlinear Lie algebra. 
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2.3. An Invariant Action 

We do not have a straightforward way of constructing invariant actions under 
the gauge transformation (2.16) owing to the inhomogeneous form of (2.22) as 
noticed in section 2.1. Hence we will instead seek for an action which provides 
covariant equations of motion under those transformations, and examine whether 
it is invariant under them. 

We determine of equations of motion as follows: The gauge algebra (2.17) 
should be closed, at least, on shell so as to originate from some Lagrangian sym- 
metry. Hence the choice 

D^^A = (2.26) 

seems an immediate guess for appropriate equations of motion, which are indeed 
covariant (2.19) under the transformation (2.16). 

Since we have the vector, h^, and the scalar, fields as our basic ones, as a 
first trial for Lagrangian we consider 

Co = x^^h^D.^A, (2.27) 

where denotes an invertible constant tensor to be determined later. However, 
Dy(^A itself contains the fields h^, and hence the variation of Cq with respect to 
does not lead to the covariant equations of motion (2.26). 

In order to overcome this issue, we modify the Lagrangian into 

£ = £o - Ix^^'WABKh^, (2.28) 

which yields the desired equations of motion (2.26) provided — ~X^^- Note 
that this Lagrangian can be rewritten as 

^ = —x'^'i^ARt. + {wbc - ^A^) h^.h^A (2.29) 
up to a total derivative. 
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If we require Poincare invariance of the Lagrangian, the antisymmetric tensor 
yiiv should be an invariant one 

(2.30) 



where e^^ denotes the Levi-Civita tensor in two dimensions. At this point, we are 
inevitably led to considering the two-dimensional situation. 

In summary, we have obtained a candidate action 



S 



2 



(2.31) 



which comes out to be diffeomorphism invariant. In fact, the gauge transformation 
of L is 



BJO 



-daWBcK^'c 



dWBC, B C7^/w ^^CE , IdWcD,,, m, C u D E 

hy c -ryyvBD 



d^B 2 d^B 



-Web)K'^K''c' 



The relation (2.6) enables us to show 



5{c)C = d. 



e^^'iWBC-^A 



9Wbc ub.c 

d^A 



(2.32) 



which confirms the invariance of our action (2.31) under the 'nonlinear' gauge 
transformation (2.16). The equations of motion which follow from (2.31) are given 
by the following: 

e^^'Dy^A = 0, e^^R^^ = 0, (2.33) 



which are indeed covariant due to the transformation law (2.19), (2.22). 
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2.4. BRS Formalism 



Since the action (2.31) has the local gauge symmetry by the gauge transfor- 
mation (2.16), there are some constraints. In order to quantize the theory in such 
system, it is necessary to fix gauge. When we make gauge-fixing and quantize 
gauge theory, use of BRS formahsm is standard. 

In this section, we formulate BRS formalism of the 'nonlinear' gauge theory. 

We discuss how to construct the BRS transformation 5^ corresponding to the 
classical symmetry (2.16). Notice that the generator algebra for the gauge trans- 

[17] 

formation (2.16) is open, as can be seen from the gauge algebra (2.17). 

We first try to regard the gauge-transformation parameter as fermionic FP 
ghost, 

sh^^d.c^+uicm^c'', ^^^^^ 

where 5 is a candidate for the BRS transformation. In this level, is not a gauge 
parameter like in the section 2.2, but a fundamental field. With the aid of the 
BRS nilpotency condition S = 0, we can uniquely determine the transformation 
law for the ghost whether depends on ^a or not, which is different from the 
classical gauge transformation in section 2.1; 

which satisfies 5^c^ = 0. However, the naive definition (2.16) does not satisfy the 
nilpotency — on the field h-^ owing to the algebra non-closure: 

'""^"^^f^""*" (.30) 

d^Ad^D^'^ShD- 

This prevents us from performing simple-minded BRS gauge-fixing of the La- 
grangian (2.31). From the general discussion , it is sufficient that the BRS trans- 
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formation is off-shell symmetry on the quantum action St- 

S^St = 0, 



and on-shell nilpotent on all fields under quantum equations of motion because 
Heisenberg operators always satisfy quantum equations of motion. 

The desired BRS transformation 5b and gauge-fixed Lagrangian Ct can be 
obtained as follows: In view of the equation (2.36), we introduce a gauge-fixing 
fermionic function Q to provide 



(2.37) 



where we define 



and 5b = on the other fields. The gauge-fixed Lagrangian is given by 



(2.38) 



Ct^ C- i{5^ - -5y,)Q.. 



(2.39) 



Then 5^h^^ is calculated to be 



5.^h,^^c^c^ ^^^^ 



5 



L - z(5b - T^K)^ 



by using 



d^Ad^D 



W. 



EF 



5n 

Ship' 



[d +di,)n + — c . 



Since the Jacobi identity (2.6) provides the following identity 



B C f^Wbc^. n 
c c c —^^ — Wef — 0, 



(2.40) 



d^E 

it turns out that S-^hf/^ vanishes under quantum equations of motion, that is, 5^ 
is on-shell nilpotent, and (2.37) yields a symmetry of the Lagrangian (2.39), as it 
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should be: 



2.5. Quantization on the Cylinder 

By means of the BRS formahsm given in the previous section, we quantize the 
system on the cyhndrical spacetime x R} in the temporal gauge. 

The gauge-fixing function for the temporal gauge is 

Q = c^/io^, (2.42) 

where we introduce FP antighosts ca and NL fields 6^ which satisfy the BRS 
transformation law 

5bCA = ibA- (2.43) 
The gauge- fixed Lagrangian (2.39) now reads 

Ct^C + bAho^ + i-ca{c^ + ^^/io^c^), 

where the dot denotes a derivative with respect to the time . This Lagrangian 
reduces to the form of a free theory 

C't = + 6^/io^ + icAC^ (2.44) 

through field redefinition 

b'A = bA + di^A - WABhi^ + icB^^^C^, 
where we have discarded total derivatives w.r.t. in the Lagrangian (2.44). 
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We can quantize explicitly (2.44) on x and derive mode expansion as 
follows: 



^ n=— oo 
^ oo 

^ oo 

n= — oo 



oo 

CA[X) = -= > c^ne"*''''' 
V 27r 

Prom the canonical commutation relations of the fundamental fields, we get the 
commutation relations of mode variables: 

[^An,h^] = -i6^6n+m,0, 

(2.45) 

As usual, it is assumed that ^Am h^-> cau ^-iid for n > 1 annihilate the Fock 
vacuum. Then nilpotency of the BRS charge in quantum level is necessary for the 
theory to be unitary and to be well-defined. 

The symmetry (2.37) yields a conserved charge 

Q = Jdx^J°, (2.46) 
SI 

where its Noether current Jb is defined by 

A ujOt djC^T A djC^T djC^T dH/T 



did^K^) ^d{d^^A) d{d^c^) ^d{d^CA) ^d{d^bA) 



d<^A J " d^Ad^D^h^' 
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The zeroth component of its Noether current Jb is given by 



jO = ^Adic^ + J; 
T ^fur u Bx C i dWBc B- c (2.47) 

J-^{WBC,h }C -2^C CAC . 

by using (2.42). Note that the operator ordering offers a matter for consideration 
in the definition of J written by mode variables. The ordering should have been 
so chosen as the BRS charge (2.46) to be hermitian hke (2.47). 

This naive definition of the charge suffers from divergence difficulty, which can 
be removed by normal-ordering prescription of mode variables Qb — -Q- ■ 

oo 
n=—oo 

00 CX3 oo 

k ni=— oo nfc=— oo m=— oo 

oo oo oo 

-jE E---E E ^*^.n.---*^.-.».-.*.,c£j-^_^„._„_, 

k ni=— oo nfc=— 00 m=— oo 
Z=— oo 

The canonical commutation relation (2.45) establishes the nilpotency = of 
the BRS operator straightforwardly. This enables us to define the quantum theory 

[18] 

in terms of the BRS cohomology. 

3. gravity with dynamical torsion 

In this chapter, we consider gravity with dynamical torsion in two spacetime 
dimensions'^^' as the typical example of the nonlinear gauge theory.'"' 
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3.1. Pure Gravity 

We first make a brief exposition of gravity with dynamical torsion in two 
spacetime dimensions.'^^' 

When the spin connection a;^"^ and the zweibein e^^ are independent variables, 
the action, invariant under local Lorentz and general coordinate transformations 



(3.1) 



generically* takes the following form: 

S = J(fx e{^R^,^'R''\b - ^T^'^"T'^\ - 7), (3.2) 

where r and are local- Lorentz and general coordinate transformation parameters 
,and a, 7 are constant parameters, and 



ab , , ab 



e = det(e/). 



Our convention is that the Levi-Civita antisymmetric tensor e satisfies eoi = e^^ — 
1, and the flat metric is given by 77 = diag(-|-l, —1). 

The Lagrangian in the action (3.2) can be rewritten as 

Ca-^(F».f + ^^T,,"n,,-e-,, (3.3) 
where we have defined 

Various aspects of this theory were extensively studied in Ref.[19]. 



★ We do not consider higher-derivative theories.'^"' 
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3.2. Yang-Mills-like Formulation 



In order to interpret the theory defined by (3.2) as a nonhnear gauge theory, 
we consider a first-order Lagrangian 

>Cc = vFqi - ea^p^ + .^aToi" - e^<^a<f - e7 (3-4) 

by introducing auxihary fields <^ and ^a- This is equivalent to (3.3) in the region 
e 7^ 0. Namely, it coincides with the Lagrangian (3.3) when the auxiliary fields <^ 

and 0a arc integrated out. The Lagrangian (3.4) also has symmetry under local 
Lorentz and general coordinate transformations (3.1) with 



(3.5) 



Its equations of motion are as follows: 
d^,^ + 0ae"^e^b = 0, 



d„(l>a + ^„eah(t>^ - eabe^^aif'^ + PM"" + 7) = 0, (3.6) 
2ea^ - Foi = 0, 2e/5(/)" - Tqi" = 0. 



We note that the Lagrangian (3.4) in a weak-couphng hmit a — f3 — j — Ois 
none other than that of topological IS0(1, 1) gauge theory,'^' which is known to be 

rgj 

equivalent to the gravity theory 




This observation suggests that the full Lagrangian (3.4) itself might have some 
symmetry of the Yang-Mills type which is related to the IS0(1, 1) gauge transfor- 
mation. 
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In order to find such symmetry, we use a trivial gauge symmetry proportional 
to the equations of motion (3.6), which Lagrangian system always has. We modify 
the local-Lorentz and general coordinate transformation (3.1) and (3.5) by the 
trivial gauge symmetry 

Su^ = 6gUJ^ + e^xv^[2ae(p - Fqi], 

^e/ = (5Ge/ + e^A^^[2/3e0«-Toi«], ^ ^ 

(3.8) 

S(pa = SG4>a + V^[dx(j)a + i^X^ab4>^ " (^abex'{a<f'^ + /?<^c0'' + 7)]- 

If we set 

we can explicitly write down* the symmetry S: 
Sep = e'^'^Cah, 

5^a = -teah^^ + ea6C^(a^^ + I3(t>c^'' + 7), 



(3.9) 



which reduces to the IS0(1, 1) gauge transformation^ when a — (3 — ^ — It is 
straightforward to see 

The gauge transformations (3.1), (3.5), and (3.9) are reducible. 

In the following sections, we confirm (3.9) is a special case of our nonlinear 
gauge transformation introduced in the previous chapter. 



★ Note added: Quite recently, this symmetry has been also obtained in Ref.[21] by means of 

Hamiltonian analysis of the action (3.2). 
t Instead of the Poincare group IS0(1, 1), we can deal with the de Sitter group SO (2, 1) by 

means of a constant shift in the field <^ and an appropriate redefinition of the parameter 7. 
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3.3. Quadratic ALLY Nonlinear Poincare Algebra 

The general-covariancc property of our action (2.31) suggests that we might 
utihze it to construct two-dimensional gravitation theory. It seems a natural choice 
to adopt the Poincare algebra in two dimensions as a base algebra on which the 
construction will be performed. Since the diffeomorphism invariance is guaranteed 
by the definition of (2.31), our requirement is that the theory should be local- 
Lorentz covariant. Hence we consider quadratically nonlinear extension of the 
Poincare algebra which preserves the Lorentz structure of the genuine Poincare 
algebra: 

[J,J]=0, [J,Pa]=ea'n, , ^ 

(3.11) 

where a, 7 are constants, rf^ is the two-dimensional flat metric, and / is a 
central element added to the Poincare algebra.''' 

We set {TaS = {Pa, J}, that is. To = Pq, T\ = Pi, and T2 = J. Then the 
structure constants defined for the above algebra are given by 

for i > 3, 

where the notation of (2.24) is used. 

We also set gauge fields = {e'^,uj^) and scalar fields $^ = (0o, (p) to obtain 
(3.4): 

I The right-hand side of can contain a term proportional to CabJ, which results in 

nonlinear (anti-)de Sitter algebra. 'We omit that term just for simplicity. 



w, 



(l)a 



w, 



CD 
(2)22 

CD 

^^CD 
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as the Lagrangian (2.31). The gauge transformation law (2.16) now reads (3.9): 



gravity with dynamical torsion we proposed the previous section. Note that the 
gravitation theory (3.2) is obtained if one integrates out the scalar fields and 
(pa in the Lagrangian (3.4) under the condition e ^ 0. In short, two-dimensional 
gravity with dynamical torsion has been shown to be a gauge theory based on 
quadratically nonlinear Poincare algebra. 

4. Generic Form of 'Dilaton' Gravity 

In this chapter, we consider generic form of 'dilaton' gravity as the nonlinear 
gauge theory 

4.1. The Action 

The general expression for the action of two-dimensional metric §^1, coupled to 
a scalar field (p (without higher-derivative terms) is given by 



where we have put c = (c",t). 

This theory completely coincides with the Yang- Mills-like formulation of i?^ 




(4.1) 



We may replace U{(p) by a linear function 



[22] 




(4.2) 
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through a field redefinition 



p{(f) = -kU{(p) + J d(f 
where k is an arbitrary constant. In particular, we can set k = to obtain 

JcFxjCd; jCd^V^{^vR-M^))- (4-4) 

The action (4.4) is of course invariant under the following general coordinate trans- 
formation: 

In the following section, we investigate a gauge-theoretical origin of the 'dilaton' 
field in the action (4.4), which might be regarded as a "pure" gravity in two 
dimensions. 

4.2. General Nonlinear Poincare Algebra 

It seems a natural choice to adopt the Poincare algebra in two dimensions as 

a base algebra on which the construction will be performed. Since the diffeomor- 
phism invariance is guaranteed by the definition of (2.31), our requirement is that 
the theory should be local-Lorentz covariant. Hence wc consider nonlinear exten- 
sion^ of the Poincare algebra which preserves the Lorentz structure of the genuine 

§ This field transformation is wcU-dcfincd only locally in the field space of (p where [dlA /dip) ^ 

0. In particular, it is inapplicable to the case of hi{Cp) = constant, where the field (p is 

regarded as a scalar matter rather than the 'dilaton' field. 
% The following form of nonlinear Poincare algebra is not the most general one that preserves 

the Lorentz structure. It is chosen so as to realize the torsion-free condition as an equation 

of motion in the resultant 'nonlinear' gauge theory. 
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Poincare algebra: 

[J,J]=0, [J,P«] = €«fe?7^'^Pe, , , 

(4.6) 

[^a,n]=-ea&>V(J), 

where rf^ is the two-dimensional Minkowski metric. Note that the choice VV( J) = 
corresponds to the original Poincare algebra. 

We set {TaS = {Pa, J}, that is, Tq = Pq, = Pi, and T2 = J. Then the 
structure functions defined in (2.23) for the above algebra are given by 

(4.7) 

W^a6 = -ea6>V(^)- 

We also set the vector field h/^ — {e^^, ujfj) and the scalar field — {<Pa, to 
obtain 



C-s = -T^el"-vF^, - -e"'-,<,.r^/ - eW(v) (4.8) 



as the Lagrangian (2.31), where we have defined 



T^/ = a^e/ + uJ,,t''^e^.b -il^^i^), (4.9) 
e = det(e/). 



The gauge transformation law (2.16) now reads 



b c^>^(^) 



(4.10) 



where we have put c"^ = (c°',t)- 
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We can actually confirm 



5Cs = -a^Ke/6«5C^(^>V - <p^y, (4.11) 

which corresponds to (2.32) in the previous section. The equations of motion which 
follow from (4.8) are given by 

d^^p + (/.ae'^^e^b = 0, 



1 dW 1 

^M^^ + e^^ -U, i^^ - U, 



which of course corresponds to (2.33). 

Note that the gravitation theory (4.4) is obtained if one puts ey,"'e.J'r]ab = Q^v 
and integrates out the fields 0^ and uj^ in the Lagrangian (4.8) under the condition 
e 7^ 0. The reformulation (4.8) reveals that the theory (4.4) possesses hidden 
gauge symmetry (4.10) of the Yang-Mills type. This gauge symmetry includes 
diffeomorphism, as is the case for the Yang-Mills-hke formulation of i?^ gravity 
with dynamical torsion in the previous chapter. 

5. 'Nonlinear' Supergauge Theory 

In this chapter, we extend the previous consideration to the a 'nonlinear' super- 
gauge theory i. e. gauge theory based on nonlinear extension of Lie superalgebras, 
and apply this gauge theory to two-dimensional dilaton supergravity. 
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5.1. 'Nonlinear' Gauge Transformation 



We introduce a supermultiplet of gauge fields {h^, ^/i"), where is a bosonic 
field and a fermionic one. A denotes an internal index of the even generators 
and a the odd generators. As is the case for 'nonlinear' gauge theory exposed in 
Ref.[6, 11, 12], we need a 'coadjoint' bosonic scalar field 0^ and a fermionic one 

According to the same discussion as in Ref. [12], we determine the gauge trans- 
formation of gauge fields and auxiliary fields (pA and ipa- 

By the same discussion as the bosonic case in the chapter 2, the gauge trans- 
formation of hfj,"^, ^n'^, (j)A and tpa is determined. The resulting form of the gauge 
transformation 5(c, r) is given by 



5{c,T)<j)A^c''WBA + ir^UAp, 

S{c, r)i^a^C^UBa + r%a, 

(5.1) 

where c"^,t" are gauge parameters and Wab(4'i'^)-> UA/3((f>,tp) and Vap{(t>,'4>) are 
smooth functions of the fields (t)A and xj^a to be determined below. Since the 
transformation includes the one in the case of the usual Lie superalgebra, wc assume 
that Wab{<P,^) = -WBA{(t>,^) and = V3a(0, V')- Similar to (2.6), Wab, 

Uap and V^p should satisfy the condition 
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^^WcD + Uas^^ + Antisym(A, B, C) = 0, 
d(j)D dtps 

QWaBjj , 9Ub^.,. ^^^7w , TT ^^^7 TT ^^Bj ... dWAB ^ 

-Wl + ^^^^'DA - -kt^Wdb + UbS^T^ - ^AS^T^ - iV^s = 0, 

d(pD OQo o(pD dips dips dips 

d(pD o(pD 0(pD dips dips dips 

dVaff dVaB 

'^^^^ ^ '^^^~d^ ^ ^' " °' 

(5.2) 

where Antisym(A, C) denotes antisymmetrization in the indices A, B and C, 

and 

Sym(Q!,/3,7) symmctrization in the indices a, (3 and 7. The expression (5.2) can 
be derived from the Jacobi identity for a nonhnear Lie superalgebra with structure 
functions Wab, Uap and V^p- 

The gauge algebra is given by 



[5(ci, n), 5(C2, T2)]e/ = 5(C3, r3)e/ + icM (d^<Pd^^^ + D^^S^^] 

\ dipad(pD dipsdipaj 

/ B 7 B j\ f r> , d'^Usy . d'^U, 

- (ci r^, - c, r7) \D,<Pdq^^ + D, 



dipsdip, 



- D^(pD^—^j- + D^lps ^ 

^ ^ V dlpad(pD dipsdipa 

[5{ci,Ti),S{c2,T2)](pA = (^(c3,r3)0A, 

[5(ci,ri),(y(c2,r2)]^a = 5{cs,Ts)lpa, 

where we have defined 

D^<Pa = d^cPA + WabK^ + iUApi/, 

D^lpa = d,j,1pa - UBahn^ - V^j/J^M^' 



(5.3) 



(5.4) 
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and the composite parameters C3 and rs become 



D _ BcdWBC 

C3 = C]_ C2 



d(l)D 

S — ■ B c 9Wbc 



at/, 



B7 



D 



+ ^n^2 



+ (cfrJ-c|'r,-')^ + rrr, 



(5.5) 



Dij,(f)A and D^ipa transform as coadjoint vectors, i. e. 



B 



5{c,T){Dn(j)A) = c 



D^cpc ^- — D^ip^ 



dUB 



dtp. 



7 



+ ir 



dUA(3 n , .dUAp ' 



5C 



7 



50c 



dcpc 



Thus is recognized as a covariant differentiation. 

The commutators of two covariant differentiations provide 



(5.6) 



(5.7) 



where the curvatures i?^^ and are defined by 



.OWbc 



(5.8) 

and the covariant differentiations on D^cpA and D^ipa have been determined in 
such a way that the resultant expressions Dy{Dn(j)A) and Dyi^D^^ipa) transform 
hke coadjoint fields. The curvatures do not transform homogeneously. 
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5.2. An Invariant action 



We do not have a straightforward way of constructing invariant actions under 
the gauge transformation (5.1), as noticed from the inhomogeneous form of the 
transforms of the curvatures. Hence by similar discussion to chapter 2, we will 
instead seek an action which provides covariant equations of motion under those 
transformations, and examine whether it is invariant under them. 

The gauge algebra (5.3) should be closed, at least, on shell so as to originate 
from some Lagrangian symmetry. Hence the choice 

D^(t>A = 0, D^i^a = 0, (5.9) 

seems an immediate guess for appropriate equations of motion, which are indeed 
covariant (5.6) under the transformation (5.1). If Wab, Uap and Vqq are nonde- 
generate, the equations (5.9) imply 

<. = 0, i?«, = 0, (5.10) 

under the formula (5.7). 

The Lagrangian is constructed from our basic fields which are the vector ones 
and the scalar ones (f)A and ■0a- Moreover since it is natural that the desired 
Lagrangian produces (5.9) and (5.10) as the equations of motion, we are led to the 

Lagrangian 

(5.11) 

which indeed yields the equations of motion (5.9) and (5.10), where — ~x'^^- 
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If we require Poincare invariance of the Lagrangian, the antisymmetric tensor 
yiiv should be an invariant one 



(5.12) 



where e^^ denotes the Levi-Civita tensor in two dimensions. At this point, we are 
led to considering the two-dimensional situation. 

In summary, we have obtained a candidate action 



S= / d^xC, 



2 



(PaRI + i^aKu + ( WbC - (pA 



+ 1 



dU, 



OWbC I dWBc\^ Bu c 



d4>A 



(5.13) 

which comes out to be diffeomorphism invariant. The relation (5.2) enables us to 
show 



S{c,0)jC^-d^, 



6{0,r)£=-d^ 



WbcK^ + rUB,^.^ - <Pa (^^.^ + ^^e.-) 



[OWbc, 



dU, 



B'y 



dlpa 



(5.14) 

which confirms the invariance of our action (5.13) under the 'nonlinear' gauge 
transformation (5.1). The equations of motion which follow from (5.13) are given 
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as follows: 



(5.15) 



which are indeed covariant due to the transformation law (5.6), (2.22). 

5.3. Generic Form of 'Dilaton' Supergravity 

As a typical example of nonlinear supergauge theory defined in previous section, 
we consider generic form of two-dimensional = 1 dilaton supergravity. A = 1 
dilaton supergravity has been defined in Ref. [25]. 

The superfield formalism are very useful when we construct a supersymmetric 

[23] 

field theory. Also in this paper, we construct N = 1 dilaton supergravity by that 
method. Thus wc introduce superspace {x^,6^), where 9 is Grassmann number 
and 11 and a run over and 1. 

In order to construct A^ = 1 supersymmetric extension of two-dimensional 
dilaton gravity, we introduce a scalar superfield $ and a superzweibein E^"' as 



where 9 and 9 arc real Grassmann numbers and x and are fermions. Since 9 and 
9 are real, 9 term is not needed. Generic form of dilaton supergravity considered 
in this paper is the following action: 



^ = ip + i9x + -99F, 




(5.16) 
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where 2{^) is a smooth function of $ and 



s = A + ieE + -eoG, 

G = -i? - ^CmT'^E + ^e^-CM75C.A - \a\ 

e;' = e^^ + ih\^ + \eee;'A, 



(5.17) 



Here we denote 



and e'^'^ is the Levi-Civita antisymmetric tensor, o, b are tangent space indices, fi, u 
are spacetime indices and a, /? are spinor indices. Moreover we set 75 = 7^7^- 

The locally well-defined field redefinition enables us to have (5.16) from the 
action in Ref. [25]. The action (5.16) is invariant under the general coordinate, 
local-Lorentz and the following local supersymmetry transformation: 
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Ssf = iex, 



(5.19) 



where e is a gauge parameter. 

In the following section, we investigate a gauge-theoretical origin of the 'dilaton' 
superfield $ in the action (5.16). 

5.4. Nonlinear Super-Poincare Algebra 

In order to construct the action (5.16) as the nonlinear supergauge theory, we 
expand each field in terms of 9 and 9, and carry out the Grassmann integration of 
the action (5.16). Then (5.16) becomes as follows: 



+ le{ixxyV{v) - FU{ip)} + ^e^-6«,e/(C.7'x)Z^(<^) ^e'^"CM75C.)V(^) 



V, U and W being smooth functions of </?. 

Next we regard the zweibein e^** and the spinconnection a;^ as the independent 




(5.20) 



where we have written Z{^) as 



Z(*) = V(^) + i9x ■ U{ip) + '-99[-^XX ■ >V((^) + FU{^)] 
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fields as the bosonic case,'"' by which the following term is added to the action: 

That is, if the auxiliary field (/)a is integrated out, we go back to the action (5.20) 
together with the last equation of (5.18). 

Moreover since A and F are auxiliary fields, they are eliminated from the action 
(5.20) by using the equations of motion of A and F: 

A = U{^), 

1 (5.21) 

The final expression for the action is as follows: 
Sp^ I (fxCp 



- |^W(^)V(^) - ixX>V(^)| e„6e/e.'' + 2u;^(^«6«'')e.6 (5.22) 



This action (5.22) is classically equivalent to (5.16). Comparing (5.22) with (5.13), 
we find the base nonlinear superalgebra has the following commutation relation: 

[Pa.Ph] = -\eavU{J)V{J) - ^e,6(g7°Q)W(J), 

= ^(<375)a, (5.23) 
[Pa.Q(5\^\{Ql'^lWeba)aU{J), 
{Qa,Qp} ^lil^'lXpPa + lilXpViJ). 
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and the other commutation relations vanish. Here we set {T4} = {Pa, J}, that is, 
To = Pq, Ti = Pi, and T2 = J, and we also set the vector fields = (e^",a;^), 
^^i^ = il^CiJ,)'^ s-iid the scalar field (pA = {4'a,'p), V^a = a'^ V'^'^ is the two- 
dimensional Minkowski metric. 



Note that the choice W(J) = V( J) — U{J) — corresponds to the original 
super-Poincare algebra. 

Then the structure functions defined in (2.23) for the above algebra are given 

by 

W2a = -Wa2 = CaVfe, W22 = 0, 



u, 



2/3 



UaP = \{XlW)p%aU{^), 

VaP = -J(7°75)a/3V(^) - ^0a(7V)a/?- 

The gauge transformation law (5.1) now reads 



5uj^ = d^t + e^c-C^e^" 



d_ 



dU 

dip 



m 

dip 



I 

4' 



dV 



dip ' 



<^C/ = -^^(75Cm)" + e6cc'e/(75X)">V(^) - \ebcc\l^l%^:)''U{^) 
+ V-|(757M"e6ce/W((/p), 



5^ = e«^Ca06 + -XT, 
= -teab4>'' + eafec'' 



iw(^)V(^) - '-xxMp) 



= -^^(75X)" + Ih^l^xTeabMip) - \v{ip)T^ + Ireabil'rT, 



where we have put — {c°',t). 



(5.24) 



(5.25) 
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The equations of motion which follow from (5.22) are given by 



2 



d ( 1 i '] i dlA i dV 



0, 



e'^'^T^/ = 0. (5.26) 

They of course correspond to (5.15). 

Note that the gravitation theory (5.20) is obtained if one adds (5.21) to the 
Lagrangian (5.22) and integrates out the fields (f>a and in the Lagrangian (5.22) 
under the condition e 7^ 0. The reformulation (5.22) reveals that the theory (5.16) 
possesses hidden gauge symmetry (5.25) of the Yang-Mills type. This gauge sym- 
metry includes diffeomorphism, as is the case for the Yang-Mills-like formulation 

[12] 

of generic form of dilaton gravity. 



6. Conclusion 



We have made a systematic construction of the nonlinear gauge theory (2.31) 
with the gauge transformation (2.16) based on a general nonlinear Lie algebra. A 
new category of the gauge theory has been constructed as an extension of the gauge 
theory based on the usual Lie algebra. We have carried out the BRS quantization 
of nonlinear gauge theory. Since the gauge is open, we have had to modify usual 
quantization method. The BRS charge has been explicitly constructed without 
anomaly in the cylindrical spacetime x R} in the temporal gauge. 
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The algebraic structure of the above nonhnear gauge theory seems to be clear 
by construction. However the field $^ is not a representation of nonlinear Lie 
algebra; it is different from the coadjoint field of usual Lie algebra. The relation of 

with the algebra deserves further investigation. 

The clarification of its geometric structure is desirable in view of the rich struc- 
ture present in the usual nonabelian gauge theory. However, the gauge algebra 
(2.17) is open, which implies non-existence of Lie-group- like object correspond- 
ing to the nonlinear Lie algebra. That might cause difficulty in the geometrical 
investigation of the nonlinear gauge theory. 

In the chapters 3 and 4, we have considered typical examples which have non- 
linear gauge symmetry defined in previous chapter. We have considered Lorentz- 
covariant quadratic extension (4.6) of the Poincare algebra in two dimensions in 
chapter 3. The nonlinear gauge theory based on it has turned out to be the 
Yang-Mills-like formulation of gravity with dynamical torsion. Namely, the 
"deformation" we observed in Ref.[10] has been shown to be Lorentz-covariant 
quadratically nonlinear extension described above. 

We have also considered general Lorentz-covariant nonhnear extension (4.6) of 

the 

Poincare algebra in two dimensions in chapter 4. The nonlinear gauge theory 
based on its algebra has turned out to be the generic form of 'dilaton' gravity, 
which clarifies a gauge-theoretical origin of the non-geometric scalar field in two- 
dimensional gravitation theory. We note that this theory is a generalization of 
Yang-Mills-like formulation of the Jackiw-Teitelboim's model and the dilaton 
gravity!^''' because the latter corresponds to a particular choice W(</?) = constant. 

In chapter 5, we have made a construction of the nonlinear super gauge the- 
ory (5.13) with the gauge transformation (5.1) based on a general nonlinear Lie 
superalgebra. 

We have also found that the generic form of 'dilaton' supergravity turns out to 
be the nonlinear supergauge theory based on the Lorentz-covariant nonlinear ex- 
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tension (5.23) of the super-Poincare algebra in two dimensions. The reformulation 
(5.22) reveals that the theory (5.16) possesses hidden gauge symmetry (5.25) of the 
Yang-Mills type. We also can interpret two formulations of dilaton supergravity 
that the super structure of the base space in dilaton supergravity is transmuted into 
the super structure of target space in a nonlinear super-Poincare algebra. This the- 

[271 

ory is a generahzation of Yang- Mills-like formulation of the dilaton supergravity. 

We expect that construction of the nonlinear gauge theory and its application 
to two-dimensional gravity in this paper has offered a new method to analyze 
quantum field theory. The analysis of this theory at the quantum level is still 
insufficient. It might be interesting to compare the theory (5.16) of the Utiyama 
type and the one (5.22) of the Yang-Mills type in the aspects of their quantization. 
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